Abstract. In this paper we consider a p-Laplacian equation with strong Allee effect growth rate and Dirichlet boundary condition
Introduction
Consider a boundary value problem div(|∇u| p−2 ∇u) + λf (x, u) = 0, x∈ Ω,
where Ω is a bounded smooth domain in R N for N ≥ 1, p > 1, and λ is a positive parameter.
The existence, nonexistence and/or multiplicity of positive solutions to problem (P λ ) have been studied extensively in the literature; see, for example, [1, 2, 5, 6, 8, 9, [11] [12] [13] [14] [15] [17] [18] [19] [20] [21] [22] [23] [24] [25] and the references therein. In many previous studies, the nonlinear function f (x, s)/s p−1 was assumed to be nonincreasing in s, and under this condition, it can be shown that problem (P λ ) has at most one positive solution (see, e.g., [1, 6, 8, 9, 22] ). On the other hand, the uniqueness of positive solution no longer holds if f (x, s)/s p−1 is not nonincreasing in s. In [12, 24, 25] , it was shown that problem (P λ ) has at least two positive solutions for sufficiently large λ if the nonlinearity f (x, s) is homogeneous, i.e., f (x, s) = f (s), and it satisfies that f (0) = f (α) = 0 for some
In [14] , it was shown that problem (P λ ) has at least two positive solutions for sufficiently large λ if p > 2 and homogeneous nonlinearity f (x, u) = f (u) satisfies that f (0) = 0, lim s→0+ f (s)/s p−1 = −m < 0, and there are precisely two numbers
Throughout this paper, we assume that f (x, u) satisfies
There exists an open ball B 1 of Ω such that c(x) ∈ C 1 (B 1 ) and
where
Using variational methods and a suitable truncation technique, we show that problem (P λ ) has at least two positive solutions for sufficiently large λ and problem (P λ ) has no positive solutions for small λ when inhomogeneous nonlinearity f (x, u) satisfies (f 1)-(f 5). Our result extends the result of [17] for p = 2 to p > 1, and it also extends the result of [14] for p > 2 and homogeneous nonlinearity to p > 1 and inhomogeneous nonlinearity.
Preliminaries
In this section we will establish some basic setups and preliminary results concerning the p-Laplacian problems (see, e.g., [7] ). Consider a boundary value problem Vol. 64 (2013) Existence and Multiplicity of Positive Solutions 167
where p > 1 and suppose g : Ω × R → R is a Carathéodory function and it satisfies the growth condition:
, where
p≥ N,
Consequently, the functional I :
, and
Thus critical points of I are solutions of (Q). We define u ∈ W 1,p (Ω) to be a sub-solution to problem (Q) if u ≤ 0 on ∂Ω and
Similarly, u ∈ W 1,p (Ω) is a super-solution to problem (Q) if in the above the reverse inequalities hold. 
Theorem 2.1. Assume that g(x, s) satisfies (2.1) with q = p, and assume that
ρ ∈ W 1,p (Ω) ∩ L ∞ (Ω) is a sub-solution and ψ ∈ W 1,p (Ω) ∩ L ∞ (Ω) is a super- solution to (Q) such that ρ ≤ ψ. Then (Q)
Main Results
Consider the following truncation of the nonlinearity of f (x, s) :
Then for each q ∈ (1, p * ), there exists a constant C(q) > 0 such that
Define the functionalÎ λ : W s) is bounded, the functionalÎ λ is continuously Fréchet differentiable on W 1,p 0 (Ω), and it is also weakly lower-semicontinuous and coercive on W 1,p 0 (Ω). Moreover, the functionalÎ λ satisfies the Palais-Smale condition. Indeed, let {u n } be any sequence in W 1,p 0 (Ω) such that {Î λ (u n )} is bounded andÎ λ (u n ) → 0 as n → ∞. Then it follows from the boundedness ofF that {u n } is bounded in W 1,p 0 (Ω). By Lemma 2 on page 363 of [7] , the sequence {u n } has a convergent subsequence, and thus the functionalÎ λ satisfies the Palais-Smale condition.
Let u be any critical point ofÎ λ . Then 0 ≤ u(x) ≤ M by the same argument as in the proof of [25, Propsition 2.1]. Here we use the facts thatf (x, s) = 0 for all (x, s) ∈ Ω×(−∞, 0] andf (x, s) ≤ 0 for all (x, s) ∈ Ω×[M, ∞), and M is the constant in the condition (f 2). Thus u is a nonnegative bounded solution of (P λ ), and u ∈ C 
with the associated eigenfunction φ 1 > 0 in Ω.
Proof. SinceÎ λ is weakly lower-semicontinuous and coercive on W For small > 0, we define
where 
which implies thatÎ λ (v 0 ) < 0 for sufficiently large λ. Consequently (P λ ) has a positive solution u 1 satisfyingÎ λ (u 1 ) = infÎ λ (u) < 0 for all large λ.
